We study theoretically interaction potentials and low energy collisions between different alkali atoms and alkali ions. Specifically, we consider systems like X + Y + , where X(Y + ) is either Li(Cs + ) or Cs((Li + ), Na(Cs + ) or Cs(Na + ) and Li(Rb + ) or Rb(Li + ). We calculate the molecular potentials of the ground and first two excited states of these three systems using pseudopotential method and compare our results with those obtained by others. We calculate ground-state scattering wave functions and cross sections of these systems for a wide range of energies. We find that, in order to get convergent results for the total scattering cross sections for energies of the order 1 K, one needs to take into account at least 60 partial waves. In the low energy limit (< 1µK), elastic scattering cross sections exhibit Wigner law threshold behavior while in the high energy limit the cross sections go as E −1/3 . We discuss qualitatively the possibilities of forming cold molecular ion by photoassociative spectroscopy.
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I. INTRODUCTION
With recent developments in hybrid traps [1] [2] [3] [4] [5] , both atoms and ions can be confined simultaneously within a single trap, facilitating the laboratory investigations on ion-atoms collisions in hitherto unexplored low energy regimes. Ionatom scattering at low energy is important for a number of physical systems, such as cold plasmas, planetary atmospheres, interstellar clouds, etc. Gaining insight into the ionatom interactions and scattering at ultra-low energy down to Wigner threshold law regime is important to understand charge transport [6] at low temperature, quantum reaction dynamics, polaron physics [7] [8] [9] , ion-atom bound states [10] , ionatom photoassociation [11] , etc. Several theoretical as well as experimental studies [5, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] of atom-ion cold collisions have been carried out in recent times. It is proposed that controlled ion-atom cold collision can be utilized for quantum information processes [23, 24] .
Ions are usually trapped by magnetic or radio-frequency fields. The major hindrance to cool magnetically trapped ions below milliKelvin temperature stems from the trap-induced micro-motion of the ions, which seems to be indispensable for a magnetic ion trap. Therefore, it is difficult to achieve submicroKelvin temperature for an ion-atom system in a magnetic hybrid trap. But, to explore fully quantum or Wigner threshold law regime for ion-atom collisions, it is essential to reduce the temperature of ion-atom hybrid systems below one micro-Kelvin. One way to overcome this difficulty is to device new methods to trap and cool both ions and atoms in an optical trap. With recent experimental demonstration of an optical trap for ions [25] , the prospect for experimental explorations of ultracold ion-atom collisions in Wigner threshold regime and quantum degenerate charged systems in near future appears to be promising.
In the contexts of ion-atom cold collisions of current interest, there are mainly four types of ion-atom systems:(1) an alkaline metal ion interacting with an alkali metal atom, (2) a rare earth ion (such as Yb) interacting with an alkali metal + and (NaCs) + atom, (3) an alkali metal ion interacting with an alkali atom of the same nucleus and (4) an alkali metal ion interacting with an alkali atom of different nucleus. In the first two types, both the ion and the atom have one valence electron in the outermost shell. In the third type, the ion has closed shell structure while the atom has one valence electron in the outermost shell. Since both the ion and atom are of the same nucleus, there is center of symmetry for the electronic wave function of the ion-atom pair. Because of this symmetry, resonant charge transfer collision is possible in the third type. In the fourth type, the ion is of closed shell structure while the atom has one valence electron in the outermost shell. Since the nuclei of the atom and the ion are different, there is no resonant charge transfer collision in fourth type, though nonresonant charge transfer is possible in all the types. In the ultralow energy regime (< µK), non-resonant charge transfer collision is highly suppressed.
Here we study cold collision in the fourth type of ion-atom systems. Our primary aim is to understand ground-state elastic scattering processes between an ion and an atom at ultralow energy where inelastic charge transfer process can be ignored. Due to the absence of resonance charge transfer reaction, the fourth type system is preferable for our purpose. A proper understanding of ground-state elastic scattering processes [19, 20] at low energy in an ion-atom system is important for exploring coherent control of ion-atom systems and formation of ultracold molecular ions by radiative processes [11] . Let a cold alkali metal ion A + interact with a cold alkali metal atom B. Suppose, the atomic mass of B is smaller than that of atom A. + and the lower panel shows the same for (NaCs) + .
We investigate cold collisions over a wide range of energies in three different alkali atom-alkali ion systems in the ground molecular potentials. The colliding atom-ion pairs we consider are: (i) Cs + + Li, (ii) Cs + + Na, and (iii) Rb + + Li. Since at ultralow energy, charge transfer reaction is highly suppressed in these systems, we study elastic scattering only. To calculate scattering wave functions, we need the data for Born-Oppenheimer adiabatic potentials of the systems. In the long range where the separation r > 20a 0 (a 0 is the Bohr radius), the potential is given by the sum of the dispersion terms, which in the leading order goes as 1/r 4 . We obtain short-range potentials by pseudopotential method. The shortrange part is smoothly combined with the long-range part to obtain the potential for the entire range. We then solve time-independent Schroedinger equation for these potentials with scattering boundary conditions by Numerov-Cooley algorithm. We present detailed results of scattering cross sections for these three systems over a wide range of energies.
II. INTERACTIONS AND MOLECULAR PROPERTIES

A. Adiabatic Potentials: Results and discussions
Under Born-Oppenheimer approximation, we compute the adiabatic potential energy curves of the 1 2 Σ + , 2 2 Σ + and 3 2 Σ + electronic states of the three ionic molecules (LiRb) + , (LiCs) + and (NaCs) + using the pseudopotential method proposed by Barthelat and Durand [26] in its semi-local form [27] [28] [29] [30] . The interaction potentials between different alkali metal ion and an alkali metal atom were calculated by Valance [31] in 1978 by the method of pseudopotential.
The potential energy curves of the 1-3 2 Σ + electronic states, for the three ionic systems (LiRb) + , (LiCs) + and (NaCs) + , are calculated for a large and dense grid of internuclear distances ranging from 3 to 200 a.u. These states dissociate respectively, into Li(2s and 2p) + Rb + and Rb(5s) + Li + , Li(2s and 2p) + Cs + and Cs(6s) + Li + , and Na(3s and 3p) + Cs + and Cs(6s) + Na + . They are displayed in figure 1(a) for LiRb + , 1(b) LiCs + and 1(c) for NaCs + . For the three ionic systems, we remark, that the ground state has the deepest well compared to the 2 2 Σ + and 3 2 Σ + excited states. Their dissociation energies are of the order of several 1000 cm −1 . Their equilibrium positions lie at separations that are relatively larger than those of typical neutral alkali-alkali diatomic molecules.
The long range potential is given by the expression
where C 4 , C 6 correspond to dipole, quadrupole polarisabilities of concerned atom. Hence, the long range interaction is predominately governed by polarisation interaction. Dipole polarisabilities for Na (3s) and Li (2s) are 162 a.u. and 164.14 a.u., respectively. One can define a characteristic length scale of the long-range potentials by β = 2µC 4 / 2 . 
B. Pseudopotential method
The use of the pseudopotential method, for each (XY) + ionic molecules (LiRb + , LiCs + and NaCs + ), reduce the number of active electrons to only one electron. We have used a core polarization potential V CP P for the simulation of the interaction between the polarizable X + and Y + cores with the valence electron. This core polarization potential is used according to the formulation of Müller et al. [32] , and is given by
where α λ and f λ are respectively the dipole polarizability of the core λ, and the electric field produced by valence electrons and all other cores on the core λ. The electric field f λ is defined as:
where r iλ and R λ ′ ,λ are respectively the core-electron vector and the core-core vector.
Based on the formulation of Foucrault et al. [33] the cut-off function F ( r iλ , ρ λ ) is a function of the quantum number l. In this formulation, the interactions of valence electrons of different spatial symmetry with core electrons are considered in a different way. The used cutoff radii of the lowest valence s, p, d and f one-electron for the Li, Na and Cs atoms are taken from ref. [27] [28] [29] [30] . The extended Gaussian-type basis sets used for Li, Na, Rb and Cs atoms are respectively (9s8p5d1f /8s6p3d1f ) [29] , (7s6p5d3f /6s5p4d2f ) [29] , (7s4p5d1f /6s4p4d1f ) [34] and (7s4p5d1f /6s4p4d1f ) [28] . [32] . Using the pseudopotential technique each molecule is reduced to only one valence electron interacting with two cores. Within the BornOppenheimer approximation an SCF calculation, provide us with accurate potential energy curves and dipole functions.
C. Spectroscopic constants: Results and discussions
The spectroscopic constants (R e , D e , T e , ω e , ω e χ e , B e ) of the 1-3 2 Σ + electronic states are presented in tables 1-3 for (LiRb) + , (LiCs) + and (NaCs) + respectively. Table 1 presents the spectroscopic constants of (LiRb)
+ compared with the other theoretical works [35] [36] [37] [38] . To the best of our knowledge, the only theoretical works performed for (LiRb) + molecular ion are those of Patil et al. [37] and Azizi et al. [38] and no experimental spectroscopic information have been found on such system. Azizi et al. [38] reported the spectroscopic constants for many ionic alkali dimers but only for the ground and the first excited states. They have used in their study a similar formalism as used in our work. As it seems from table 1, there is a good agreement between the available theoretical works [35] [36] [37] [38] and our ab initio study. In addition, our ground state equilibrium distance (R e ) presents a satisfying agreement as well as the well depth (D e ) with the work of Azizi et al. [38] . We found for (R e ) and (D e ), respectively, 7.70 a. u. and 3912 cm −1 and they found 7.54 a. u. and 4193 cm −1 . The same agreement is observed between our harmonacity frequency (ω e ) and that of Azizi et al. [38] . The difference between the two values is 2.09 cm −1 . There is also a very good agreement between our equilibrium distance and that of Patil et al. [37] (R e = 7.60 a. u.), in contrast to their well depth [37] , which is underestimated (D e =3432 cm −1 ). For the first excited state, Azizi et al. [38] reported the spectroscopic constants R e = 12.60 a. u., D e = 1306 cm −1 and ω e = 63.00 cm −1 to be compared with our values of, respectively, 12.67 a. u., 1270 and 63.73 cm −1 . The spectroscopic constants of (LiCs) + and (NaCs) + , are present respectively in tables 2 and 3 and compared with the available theoretical results [31, 39] . To the best of our knowledge there is no experimental data for these ionic molecules.
For the (LiCs)
+ ionic molecule, we compare our results only with the theoretical work of Khelifi et al. [39] where they have used a similar method as used in our work. They reported for the ground state 1 2 Σ + the spectroscopic constant R e = 7.91 a. u. and D e = 3543 cm-1 cm −1 to be compared with our values of, respectively, R e = 8.12 a. u. and D e = 3176 cm −1 . A rather good agreement is observed for the equilibrium distance, however, their potential is much deeper. The same good agreement between our spectroscopic constant and those of Khelifi et al. [39] is observed for the 2 2 Σ + and 3 2 Σ + states. For the ground state of (NaCs) + ionic molecule, there are a good agreement between our well depth, as well as the equilibrium distance with the theoretical results of Valence [31] . We found a well depth of 2979 cm −1 located at 8.51 a. u., while valence [31] found, respectively, 3388 cm −1 located at 7.60 a. u.. In contrast to the ground state, where the agreement between our work and those of Valence [31] 
III. ELASTIC COLLISIONS: RESULTS AND DISCUSSIONS
Here we present results on elastic collisions of the discussed ion-atom systems making use of the interaction potentials calculated above. In particular we focus on low energy collisions. Using the well-known expansion of continuum state in terms of partial waves, the wave function ψ ℓ (kr) for ℓth partial wave is given by
subject to the standard scattering boundary condition
Here r denotes the ion-atom separation, the wave number k is related to the collision energy E by E = 2 k 2 /2µ and µ stands for the reduced mass of the ion-atom pair. The total elastic scattering cross section is given by
To know the relevant energy regimes where s-p-and dwave collisions are important, we have plotted in figure 2 the centrifugal energies for first 3 partial waves (ℓ = 0, 1 and 2) against ion-atom separations for ground state 1 2 Σ + of (NaCs) + and (LiCs) + , respectively. For d-wave, the values of centrifugal barrier are about 0.007 mK for (NaCs) + and about 0.06 mK for (LiCs)
+ . These values indicate that the potential energy barriers for low lying higher partial waves are very low for atom-ion systems allowing tunneling of the wave function towards the inner region of the barriers. Unlike atom-atom systems at low energy, a number of partial waves can significantly contribute to the ion-atom scattering cross section at low energy.
In figure 3 , the partial-wave cross sections for ground 1 2 Σ + state collisions are plotted against collision energy E in K for (NaCs) + and (LiCs) + . As k → 0, s-wave cross section becomes independent of energy while p-and d-wave cross sections vary in accordance with Wigner threshold laws. According to Wigner threshold laws, as k → 0, the phase shift for ℓth partial-wave η l ∼ k 2ℓ+1 if ℓ ≤ (n − 3)/2, otherwise η l ∼ k n−2 for a long range potential behaving as 1/r n . Since Born-Oppenheimer ion-atom potential goes as 1/r 4 in the asymptotic limit, as k → 0, s-wave scattering cross section becomes independent of energy (or k) while all other higher partial-wave cross sections go as ∼ k 2 . In the Wigner In figure 4 , we have plotted logarithm of total elastic scattering cross sections (σ tot ) expressed in a.u. as a function of logarithm of E in K for ground state collisions between Li and Cs+ and between Na and Cs + , respectively. For both (LiCs) + and (NaCs) + , to calculate σ tot , we require more than 60 partial waves to get converging results for energies greater than 1 mK. In the large energy limit, the cross section behaves as
Thus, in the large energy regime the slope of the logarithm of σ tot as a function of log E is a straight line obeying the equation σ tot (E) = −(1/3)E + c E where the slope of the line is -1/3 and the intercept of the line on the energy axis is solely determined by the C 4 coefficient of long-range part of the potential, or equivalently by the characteristic length scale β of the potentials or the polarisability of the neutral atom interacting with the ion. As shown in figure 4 , we have numerically verified this E −1/3 law for both Li-Cs+ and Na-Cs + systems. The linear fit to the the plot of numerically calculated σ tot against in the large energy regime shows that the value of the slope is quite close to the actual value of 1//3. Since the dipole polarizability of Li and Na is not much different, one can expect that for both Li-Cs+ and Na-Cs + systems, the energy-dependence of σ tot at large energy should be similarr. In fact, figure 4 shows that for energies much greater 1 µK, both systems exhibit similar asymptotic energy dependence.
Finally, we consider the collision of 85 Rb + with the two isotopes of Li atom, namely, 6 Li and 7 Li, and the results are shown in figures 5 and 6. The purpose here is to investigate the isotopic effects of Li on low energy collisions with 85 Rb + ion . In figure 5 we have plotted logarithm (to the base of 10) of σ tot as a function of logarithm (to the base of 10) of E. Results clearly show that the patterns are same for 6 Li and 7 Li colliding with 85 Rb + , but they differ in magnitudes, particularly in the low energy regime. Figure 6 exhibits the variation of s-and p-wave scattering cross sections against energy in log-log scale for both isotopes of Li colliding with Rb + . Again, the results are qualitatively similar for both the isotopes, but they differ slightly quantitatively. Comparing
